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Naive definition of higher symmetries of Laplacian

On pseudo-Euclidean space : RP9, n = Id, @ (—Idg) and p+ g = n,
the Laplacian is given by

A = n19;0;.
Usual symmetries : vector fields X s.t.

[A,X] =0
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Naive definition of higher symmetries of Laplacian

On pseudo-Euclidean space : RP9, n = Id, @ (—Idg) and p+ g = n,
the Laplacian is given by

A = n19;0;.
Usual symmetries : vector fields X s.t.

[A,X]=0
Its higher symmetries are differential operators Dy s.t.
D' [A, D] = D'A or 3D, AD; = DA.
Example : first order higher symmetries are given by
A(X 4+ ADivX) = (X + uDivX)A,

where Lyn = Fn,i.e. X €o(p+1,g+1) =g, and A = 552, ;= 2,

Remark : the space of HS is an algebra and a g-module.
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@ Classification
Miller *76, Nikitin and Prilipko 90, Eastwood '02

@ Algebra structure
Eastwood '02 : quotient {(g)/J’
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@ Classification
Miller *76, Nikitin and Prilipko 90, Eastwood '02

@ Algebra structure
Eastwood '02 : quotient {(g)/J’

© Representation of g on ker A

Coadjoint orbits of G(=O(p+ 1,9+ 1)) — UIRof G
Minimal (nilpotent) coadjoint orbit Opin, — ?

Jean-Philippe MICHEL (Uni. Luxembourg) HS of Laplacian Vienna (ESI), 2011-07-20



@ Classification
Miller *76, Nikitin and Prilipko 90, Eastwood '02

@ Algebra structure
Eastwood '02 : quotient {(g)/J’

© Representation of g on ker A

Coadjoint orbits of G(=O(p+ 1,9+ 1)) — UIRof G
Minimal (nilpotent) coadjoint orbit Opin, — ?

Joseph ’76 : 3! primitive ideal J s.t. gr($4(g)/J) ~ Poly[Omin]-
Binegar and Zierau '91 : 4(g) acts on ker A with kernel J. If p+ g even, it
integrates in a UIR of G, the minimal representation.

J =J!

Jean-Philippe MICHEL (Uni. Luxembourg) HS of Laplacian Vienna (ESI), 2011-07-20 3/14



e To propose a new method to classify the HS of A and to
determine the algebra structure of the space of HS.

e Eastwood ('02), and Leistner ('06) : conformal ambient space,
e Gover and Silhan ('09) : tractor techniques,
e here : quantization and symplectic reduction.

e To provide a geometrical link between ker A and the Joseph
ideal, via the minimal nilpotent coadjoint orbit.
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Defnition of HS of Laplacian

Geometric setting :

(M, g) conformally flat manifold,

A-densities F(|A"T*M|®}) ~ (C*°(M), £*) with £} = X + ADivX,

Aly = 5N,
for X € g, \ = %52, p =52 and A € DM the conformal Laplacian.
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Defnition of HS of Laplacian

Geometric setting :
(M, g) conformally flat manifold,
\-densities T(|JA"T*M|®A) ~ (C(M), £*) with £} = X + ADivX,

Aly = 5N,
for X € g, \ = %52, p =52 and A € DM the conformal Laplacian.
Trivial symmetries : A(PA) = (AP)A, i.e. (A) = {PA, P € D*A}.
Definition

The algebra of HS of A is AN ¢ DM /(A), and [Dy] € AM! satisfies

D> € DHF, s.f. ADy = Do A.

AM = kerQHS : DM /(A) — DM/(A)  conf.inv.
[D1] — [AD;]
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Conformal Killing tensors

Principal symbol map (6 = u— A) :
o D;(\’“ — Pol(T*M).

Example : H := o(A) = g"/'p,-pj, its Hamiltonian flow project on the
geodesic flow on (M, g).

The map o satisfies o([A, B]) = {¢(A), o(B)}, hence (on RP9)
[A, D] = DA={H,o(Dy)} = o(D')H.

It means o(Dy) is a conformal Killing tensor.

Definition

The space of symmetries of the null geodesic flow is
K' = {Traceless CKT}, a subalgebra of Pol(T*M)/(H).
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Conformal Killing tensors

Principal symbol map (6 = u— A) :
o D;(\’“ — Pol(T*M).

Example : H := o(A) = g"/'p,-pj, its Hamiltonian flow project on the
geodesic flow on (M, g).

The map o satisfies o([A, B]) = {¢(A), o(B)}, hence (on RP9)
[A, D] = DA={H,o(Dy)} = o(D')H.

It means o(Dy) is a conformal Killing tensor.

Definition

The space of symmetries of the null geodesic flow is
K' = {Traceless CKT}, a subalgebra of Pol(T*M)/(H).

We have o : A2’1 — K}, does it exist a section ?
More generally, does it exist a g-equivariant section to o ?
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Conformally equivariant quantization

Theorem (Duval, Lecomte, Ovsienko '99)

Let (M, g) conformally flat manifold. For every k € N and (generic) shift
O=pu—A

QM Poly(T*M) — Dp* sit.

(i) QM s a right inverse the principal symbol map, o o QIAP;Slk =1Id,
(i) QMM intertwines the g-action.

v

Equivariant quantizations exist for various locally flat geometries (IFFT
or |1|-graded) and differential operators acting on natural vector
bundles. They admit curved analog in terms of Cartan geometries
[Mathonet, Radoux '05-'08] and [Cap, Silhan '09].

Explicit formulae are known for QM.
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Classification of HS of Laplacian

Theorem (Eastwood ’02)

For \ = "2, we have the isomorphism of g-modules Q** : K1 — AM.
Moreover, every P ¢ K' satisfies AQ M (P) = QH#(P)A.
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Classification of HS of Laplacian

Theorem (Eastwood ’02)

For \ = "2, we have the isomorphism of g-modules Q** : K1 — AM.
Moreover, every P ¢ K' satisfies AQ M (P) = QH#(P)A.

Idea of proof

QHS

DM /(L) DM /(D)
Q)\,)\T TQ)\,M
Pol o(T*M) —— Pol! M (T*M)

we identify ? thanks to the classification of conformally invariant
operators. Its kernel is K.

Interpretation : classical symmetries < quantum symmetries.
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The algebra structure of HS (I)

Let K be the algebra generated by ' in Pol( T*M), and A* := QM\(K).

We get the following commutative diagram

S(g) e (g)
“*l lek
S(a)/1 = K —— 5= A* = 4(g)/J

with ®* = Sym o ¢* and ¢* = Idg(g) + N where N lowers the degree.

v
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Let \ = ”2;,,2 We get the following commutative diagram

S(g) ! U(g)

g ’
S(g)/i/ ~ K e AN ~ $l(g) /I
K' ~K/(H) AN (D) ~ AM

Q)\,)\

with ®* = Sym o ¢* and ¢* = Idg(g) + N where N lowers the degree.

v
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Coadjoint orbits of G via symplectic reduction

We restrictto M = SP x S c RP+4+1 ‘andp,g>1,n=p+qg>3.

Recall that g* ~ A>RP+1:9+1 We have the following momentum map
TP+ SHER e B Guo p i 2)u {0}

(u,v) — uAnv — span(u,v)

Fact : Opmin — P(0,0).
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Coadjoint orbits of G via symplectic reduction

We restrictto M = SP x S c RP+4+1 ‘andp,g>1,n=p+qg>3.
Recall that g* ~ A>RP+1:9+1 We have the following momentum map
TrRe+IaH SUER g B Gr(2,n+2)U {0}
(u,v) — uAnv — span(u,v)
Fact : Opmin — P(0,0).
(G,SL(2,R)) is a Howe dual pair in Sp(2n + 2,R). In T*RP+1.9+1 we
get sl(2,R) = (x2, xp, p?).

T RPN (01)// (¥ xp) = T°M
(T*"M\M)// (H) =2 O

and we have K ~ Poly[ T M], K' ~ Poly[Opmin].
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Joseph ideal

AN~ $U(g) /M with M is the Joseph ideal, hence the
representation of g on ker A via ¢* is minimal. QM : K' — AM s a
quantization of O pjn.
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The algebra structure of HS (ll)

Recall that g ~ A°RP+1-.9+1 = . We have

g@ng}@E and =, &l & CR.

The morphism S(g) — Pol( T*RP*1.9+1) has kernel (E) Moreover, the
Casimir writes on T*RPT1.9+1 : C = (xp)? — x2p?.

We obtain | = (E) +(C) and I' = | 4 ().
Via * = Sym o ¢*, we get

S = (sym (5) + Sym(C) — a()) and M = P+ (Sym (o))

where a(\) is the eigenvalue of the Casimir operator on A-densities.

v
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Thanks !
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