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Problematic

Let (M, g) be a pseudo-Riemannian manifold, c € R and A, = V;g¥V; + cR a
Laplacian operator on M.

Find the differential operators Dy € D,(M) such that
o [AC, Dl] =0,

symmetries of A, preserve eigenspaces,

@ A.Dy = DA, for some D, € Dy(M),

conformal symmetries of A, preserve ker A..
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© Reduction of the problem
o First order symmetries
@ Symmetries of (null) geodesic flow

© Known results

© A new approach
@ Conformally invariant quantization

@ Examples
@ Symmetries

@ Obstruction to symmetries
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Reduction of the problem
e0

First order (conformal) symmetries of A,

The zero order (conformal) symmetries are the constants. Up to constants, first
order (conformal) symmetries are given by

Q [A., X]=0iff X is a Killing vector field, i.e. Lxg =0 or ViXp =0,

Q A(X+ ";fV,-X") =(X+ "z—f,zV;X")AC only if X is conformal Killing vector
field, i.e. Lxg=2fgor V(;X;) = fg; for some f € C*(M).
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Reduction of the problem
e0

First order (conformal) symmetries of A,

The zero order (conformal) symmetries are the constants. Up to constants, first
order (conformal) symmetries are given by

Q [A., X] =0iff X is a Killing vector field, i.e. Lxg =0 or V(;X;) =0,

QO A(X+ 1 2V X' = (X—i— "+2V X" A only if X is conformal Killing vector
field, i.e. Lxg =2fgor V(;X;) = fg;; for some f € C>°(M).

If c = 4(’7,,;_21) then A, := Ay is the Yamabe Lapalcian. We get

Ayly = Ay Ly, for all X CK vector fields,

where L§‘< = Vx + AV;X' is the Lie derivative along X on ['(JA*P T*M|®*) and

A== ",lu n+2.
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Reduction of the problem
oe

Let DME(M) := D(M; [P T*M|®X, |AP T*M|®H). It is isomorphic to D(M) via

(AP T M) (NPT M)

|v01g)‘T TVOlgl’L

c(M) c>(M)

Since g — exp(2f)g translates into voly — exp(nf)volg, the usual transformation
rule

2 -2
Ay — exp(—%f) oAyo exp(Lf)

n—2 _ nt2
5= and p = i

means that Ay is conformally invariant in DM#(M) if A = 2= o
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Reduction of the problem
oe

Let DME(M) := D(M; [P T*M|®X, |AP T*M|®H). It is isomorphic to D(M) via

(AP T M) (NPT M)

|v01g)‘T TVOlgl’L

c(M) c>(M)

Since g — exp(2f)g translates into voly — exp(nf)volg, the usual transformation
rule
2 -2
Ay — exp(—%f) oAyo exp(Lf)

. . . . A, . _ n=2 _ n42
means that Ay is conformally invariant in DV#(M) if A = -2 and = %=,

We restrict our study to Ay € DM(M).
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Reduction of the problem
[ ]

Symmetries of (null) geodesic flow on (M, g)

Let ok : Dx(M) — Poly(T*M) =2 T(SKTM) be the principal symbol map at

order k. We have o»(Ay) := H where H = gip;p; and (x', p;) are coordinates on
T*M.

© [Ay,Di] = 0= {H,0,(D1)} =0, i.e. 0u(D1) = K is a Killing tensor,
Killing equation V(;, Kj,...;,) = 0.

Q@ AyDy — D;Ay =0= {H,04(D1)} € (H), i.e. 0x(D1) = K is a conformal
Killing tensor, i.e. V(;, Kj,...i,), = 0.
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Reduction of the problem
[ ]

Symmetries of (null) geodesic flow on (M, g)

Let ok : Dx(M) — Poly(T*M) =2 T(SKTM) be the principal symbol map at

order k. We have o»(Ay) := H where H = gip;p; and (x', p;) are coordinates on
T*M.

Q [Ay,D1]=0= {H,0k(D1)} =0, i.e. ox(Dy) = K is a Killing tensor,
Killing equation V(;, Kj,...;,) = 0.
Q@ AyDy — D;Ay =0= {H,04(D1)} € (H), i.e. 0x(D1) = K is a conformal
Killing tensor, i.e. V(;, Kj,...i,), = 0.
Questions: does there exists

e Q: {(conformal) Killing tensors} — {(conformal) symmetries of Ay }?

@ extra conditions on K for it to give rise to (conformal) symmetries of Ay?
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Known results

Known results on (conformal) symmetries of Ay

© Carter proves in '77: for g a Ricci-flat metric we have [Ay, V;K¥V;] = 0 iff
K is a Killing 2-tensor. Moreover, he get in general

. 2 .
[A, VKV = —g(V;Kk[’ RNV,

@ Eastwood proves in '05: for g a conformally flat metric and K a conformal
Killing tensor there exists (Dx, D) such that AyDyx = DjAy. For K a
2-tensor we get

n(n—2) i n+2 .
Dk = KIViVj+ ——(Vik\WV;+ —"_ __(v,v;K¥) - R K,
K Al ) +4(n+2)(n+1)( iVik") 4n+1) ¥
n+4 n+4 . n+2 ..
D, = Kiv;v; ViKi)v; ViViKY) — RiKY.
K t o VKOVt gy (ViViKE) = gy Ri
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A new approach

@000

Conformally invariant quantization

Our startegy relies on a quantization map, i.e. a linear map
Q : Pol(T*M) — D(M) such that ok o Q = Id on degree k symbols.

Theorem (Mathonet, Radoux; Silhan '09)

For generic weights A, 11, there exists a family of quantizations indexed by metrics

Q" : Pol* N (T*M) — DM(M),

which are natural, i.e.
A, * * s
QU(W*P) = W Q)H(P),
for all symbol P, metric g and W € Diff (M), and conformally invariant i.e.

A
Qexp(2f g Q

Qg"“(K) = KUV;VJ'K + 51(V;Kij)vj' + Bng(V;TrK)Vj
+  Bs(ViV;KY) + B4(ATrK) + BsRici K7 + Bs RTrK.
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A new approach
[e] Te]e]

Main result (1)

Theorem

For \ = "2712, W= % and K a conformal Killing tensor, we get

Ay QN (K) — Q4" (K)Ay = Qp*(Obs(K))
where Obs is given by the natural and conformally invariant operator
Obs : Poly(T*M) — Pol“ NT*M)
- 4 .
K = CHVKa — S AT K

with C the Weyl tensor and A the Cotton-York tensor.

Remind that C is the traceless part of the Riemann tensor and
ik _ _ 1 ijki
AJ — —EV[CJ .
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A new approach
[e]e] o]

Main result (II)

Theorem

The operator Dy € Dé\”\(M) is a conformal symmetry of Ay iff: K = o(Dy) is a
conformal Killing tensor, Obs(K)® = d(fx) for some fx € C>(M) and

Dy = QpNK) + fic + Lx + c.

for some conformal Killing vector X and constant c.

Since Q2 (K) = Ql#(K) for K Killing we deduce

Corollary

The operator D € D)"*(M) is a symmetry of Ay iff: K = 05(Dy) is a Killing
tensor, Obs(K )’ = d(fx) for some fx € C>°(M) and

D = Q}NK) + fx + X + c.

for some Killing vector X and constant c.
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A new approach
[efe]e] )

ldea of proof

The pairing between \- and p-densities for A + 1 = 1 implies:
o there is an adjoint operation on DM#(M) if A+ =1,
QM (K)* = (~1)*QM(K)
o QNKY = (-1 Qpr(R).

Let D; € D**(M) and Com(D;) = Ay Qp*(K) — QL#(K)Ay where
K= (Q*”\)fl (D1). Since Com(Dy) is real and skew-adjoint we get

C
D;J om D;M

QQ*T TQQ’“

0 pn—AX n=A\
Pol, CamObs Pols™ " ® Polj

Naturality and conformal invariance determine uniquely the operators Gg and Obs.
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Examples
[ ]

Examples of symmetries

@ Obviously Obs(K) vanishes on conformally flat space and we recover
Eastwood result.

o In the Ricci-flat case, Obs(K) = 5,75y d(ATeK) if K is a Killing, and we
recover the Carter's result.

@ In dimension 3 the pairs of diagonal metrics and Killing tensors are classified
[Di Pirro 1896],

1

N X1, X2 % X1, X2 % 2 ,
"= 2(y(x1, x2) + ¢(x3)) (a(xa, x2)pr + b )P3 + p3)
K = m (c(x3)a(x1,x2)pi + c(x3)b(x1, %2)P3 — ¥(x1,x2)p3) -

Then, we get Obs(K) = —%d(Rich,-j) with Ricg the traceless part of the
Ricci tensor of g.
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Examples
L ]

An example of obstructions to conformal symmetries

The Euclidean Taub-NUT metric:

4m?

2m

g= (1 + 2;”) (dr* + r?d6? + r* sin 0d¢?) + (dv) 4 cos Od¢)? |

is hyperkahler
2m ; X
J,-:4m(d1p+cost9dq5)/\dx;— 1-1—7 E,'J'kdxf/\dx s

and admits a Killing-Yano tensor:
Y =2m? (di) + cos 0d¢) A dr + r(r + m)(r +2m)sin 0d6 A d.

The skew-symmetric tensor xY is a conformal Killing-Yano tensor and J; are
Killing-Yano tensors hence

Ki = pupy (*YA(”J;’)/\)

are conformal Killing tensors. We get Obs(K;) is not exact.
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