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Let (M,g) be a conformally flat spin manifold. Conformally equivariant quantization
'DLOY9, DO01], QM = SO(M) — DMH(M), is a conformally equivariant mapping be-
tween weighted symbols and differential operators acting on densities over M. We extend
here this construction to super symbols, which are functions on the supercotangent bundle
M ot M, and to the space of differential operators acting on spinor densities over M. We ob-
tain an explicit covariant expression of QM on symbols of degree one in the even momenta.,
and prove existence and uniqueness of QM in the generic case. Applications to conformally
invariant differential operators and Killing-Yano tensors are given.

Equivariant quantization of cotangent bundles

Let GG be a Lie group of Lie algebra g, and M be a manifold endowed with a G-flat structure.
Then g C Vect(M). We denote by F* = T(JAT*M|®*) the space of A-densities.

1. Phase space: g O (T*M,wp«yy), where wp«ps = dp; A da’.

2. Space of classical observables: the Vect(M)-module SO(M) =
C®(T*M) @ F° of §-weighted symbols, with § = o — A.

3. Space of quantum observables: the Vect(M)-module DM(M) of differential operators
Aon densities, A : FA — FH.

Definition 0.1. A G-equivariant quantization of the cotangent bundle T M is a mor-
phism of g-modules, QM - Sé(M) s D)"”(M), preserving the principal symbol.

N(STM) @ F° C

e Existence and uniqueness of the conformally equivariant quantization |[DLO99]. Explicit
formula for QM acting on symbols of degrees less than 2 [DOO01].

o [or A\ =y = %, it defines a conformally invariant star-product [DEGOO04].

Classical and quantum spaces of spin systems

Let (M, g) be a pseudo-riemannian spin manifold, representing the configuration space of a
spin system.

1. Phase space: the supercotangent bundle M = T*M x j; II'T'M, with II the parity re-

versing functor. We denote by (x', p;, fz) a system of natural local coordinates, generating
locally C*°(M) = C®(T*M) ® Q(M). Its canonical symplectic form is [Rot91]

w = dpi Ada' + - gi, gheldat A dad + . gi;dVE N dVE (1)

2. Space of classical observables: the space of super o-weighted symbols 85[5]:
N(STM @ AT*M) @ F°, included in C*°(M) @ F°. It is graded by the degrees in p and

in §&: 85(M) — @k,/@‘ggﬁ[ﬂ'

3. Space of quantum observables: the space of differential operators acting on spinor den-
sities D>‘>”, filtered by the order: DS"“ C Di"” C .-

Let us introduce the Darboux coordinates given by the map ev, on M:

eVg(xi) =a', (= eVg(fi) = ez@fi and - p; = evg(p;) = p;i + Wgz‘gag v

where w is the Levi-Civita connection and 6 an orthonormal frame. On a chart U, the normal
ordering is defined by |Get83]
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The geometric quantization (), of (M,w)

Definition 0.2. INT02] A N-structure on (M, g) of even dimension, at least 4, is a
complex subbundle P of TCM whose fibers are isotropic and mazrimal for g.

Suppose that P defines a N-structure on (M, g). Then, (M,w) admits a polarization, and
polarized functions are sections of AP*.

Theorem 0.3. o Q(Sp¢]) ~ CI(M, g) turns AP* in a spinor bundle of M.

OQg(jX*M) = V., where JUM - T*M — (Vect(M))* is the momentum map and
V x is the spinor covariant derivative.

o )y is defined on S| ® Sylé], and coincide with the normal ordering N .

Classical and quantum actions of the conformal

Lie algebra conf(M, g)

conf(M, g) ={X € Vect(M)| Lyg=Fg, for 0<F eC®(M)} <op+1,q+1).

Let o = pidxi—k% gz-jfidvfj be the potential 1-form of M, i.e. da = w, and let § = gijfidxj.

Theorem 0.4. There is a unique lift conf(M,g) 3 X — X € Vect(M) preserving o
and the direction of (3.

We denote by ILfS X'0; — —p;(0; X710, + £40; Xj)c‘?gj + 6(9;X") the natural action of X
on SO[¢]. Its hamﬂtoman action is given by L5 = X +60; X", ie.,

_ 0; X h~ ~
Lg( = evg]Lg((evg) 1 _ f — ka.f] (@i@ij)ﬁﬁi.

The Lie derivative of spinors [Kos72| (of weight A\) along X € conf(M, g) is given by
Ly = QI + AV X! =V +1V X7 + AV X
X X [] X 4 [] zp/ fy 1 ’
where JM - M — (conf(M, g))* is the momentum map. The quantum action of X €&

conf(M, g) on A € DM is defined as Eé(’”A = L%A - ALﬁ‘(.

Proposition 0.5. N 1o £§\(’M o N — Lg( = nilpotent operator lowering the degree in p.

Let (M, g) be a conformally flat spin manifold, of dimension n.

Theorem 0.6. For o generic, there exists a unique conformally equivariant quantization
QM : SO[¢] — DM

Theorem 0.7. Let QMM Sf[f] — Di"” be a conformally equivariant quantization.

1.Ifné ¢ {1,...,
2.Ifnd =1, ornd = n+1, and ()\:nz—;l,u:%—ﬁ) or ()\ L= 2n+1) then

Q)"“ exists but 1s not unique. With the additionnal condition Q ’“( )
uniqueness s recovered. These values are called resonances.

3. Else, there exists no such Q>‘7“.

n+ 1}, then QM exists and is unique.

Let 79 be the conf(M, g)-module (EB Sk ,L5 ) The conformal equivariant superization

857 T 85[5] exists and is unique in the generic case. Restricting 857 to symbols of

degree 1 in p, the critical values of 0 are 0 = %, RIS
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where P! = Op, P, Pj = 0¢i P, and the coefficients are functions of the degree of P in &.

Proposition 0.8. jX
Let A = pig’, x =
Theorem 0.9. The conformally invariant elements of modules T, S and D are

_1 (Aa*x RS) cT

(VOlg)Z'l...Z'nle .- & and A % v be their Moyal star-product w.r.t w.

2s+a

, where a,b=10,1 and s € N;

o A% x\V RS ES%M[&], where s € N and a,b=0,1 s.t. a+ b #0;
e N(x) € DM\ or N(Axy) € Dn2_711’n2_+nl, or N(ARS) e D ST T , for all X € R and
s € N.

2 A
When S(ST and QM exist, we have: (770)cont =L, (g0)cont < (DA ycont,
Corollary 0.10. The Dirac operator arises as the conformally equivariant quantization
1
of the conformal invariant symbol A € Sn,

1 n l n—1n
Q55 () = Vi e DB, (3

the wetghts (nzjll, ”;7;1) corresponding to one of the two resonances of QM.

Definition 0.11. A conformal Killing-Yano (CKY) tensor of order k is a k-form f
satisfying

VT s denr = 91i2Pgaedier = (8= D1 P i) (4)
where ® = — mvﬁfﬂ n If ® =0, f 1s a Killing-Yano tensor.
For f a tensor of order k, we denote by P = Lo g g e TV,

J1---Jr—1
Theorem 0.12 (Generalization of [Tan95]).

{A, S%(Pf)} = (0 (x A) <= f is a (conformal) Killing-Yano tensor. (5)

Proposition 0.13. Let f be a Killing-Yano tensor of order 2, then

QM (S (Py)) = IV + 17 SCLUuAvS f]k) (6)
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